Abstract. A connected combinatorial 2-manifold is called degree-regular if each of its vertices have the same degree. A connected combinatorial 2-manifold is called weakly regular if it has a vertex-transitive automorphism group. Clearly, a weakly regular combinatorial 2-manifold is degree-regular and a degree-regular combinatorial 2-manifold of Euler characteristic À2 must contain 12 vertices.
Introduction
Recall that an (abstract) simplicial complex is a collection of nonempty finite sets (set of vertices) such that every nonempty subset of a member is also a member. For i b 0, the elements of size i þ 1 are called the i-simplices of the simplicial complex. 1-simplices are also called the edges of the simplicial complex. For a simplicial complex X , the maximum of k such that X has a k-simplex is called the dimension of X . The set V ðX Þ of vertices of X is called the vertex-set of X . A simplicial complex X is called finite if V ðX Þ is finite.
If X and Y are two simplicial complexes, then a (simplicial) isomorphism from X to Y is a bijection j : V ðX Þ ! V ðY Þ such that for s J V ðX Þ, s is a simplex of X if and only if jðsÞ is a simplex of Y . Two simplicial complexes X , Y are called isomorphic (denoted by X G Y ) when such an isomorphism exists. We identify two simplicial complexes if they are isomorphic. An isomorphism from a simplicial complex X to itself is called an automorphism of X . All the automorphisms of X form a group, which is denoted by AutðX Þ.
A simplicial complex X is usually thought of as a prescription for constructing a topological space (called the geometric carrier of X and is denoted by jX j) by pasting together geometric simplices. Formally, jX j is the subspace of ½0; 1 V ðX Þ consisting of the functions f : V ðX Þ ! ½0; 1 such that the support fv A V ðX Þ : f ðvÞ 0 0g is a simplex of X and P v A V ðX Þ f ðvÞ ¼ 1. If s is a simplex then jsj :¼ f f A jX j : P v A s f ðvÞ ¼ 1g is called the geometric simplex corresponding to s. We say that a simplicial complex X triangulates a topological space Y if Y is homeomorphic to jX j. A simplicial complex X is called connected if jX j is connected. A 2-dimensional simplicial complex is called a combinatorial 2-manifold if it triangulates a closed surface. A combinatorial 2-manifold X is called orientable if jX j is an orientable 2-manifold.
For a simplicial complex X , an embedding i : jX j ,! R n is called geometric if the image of the geometric simplices are convex. A triangulation K of a surface is called geometrically realizable in R 3 if jKj can be embedded geometrically in R 3 . If v is a vertex of a simplicial complex X , then the number of edges containing v is called the degree of v and is denoted by deg X ðvÞ (or degðvÞ). A simplicial complex is called neighbourly if each pair of vertices form an edge.
A pattern is an ordered pair ðM; GÞ, where M is a connected closed surface and G is a finite graph on M such that each component of MnG is simply connected. The closure of each component of MnG is called a face of ðM; GÞ. A pattern is called a polyhedral pattern if the boundary of each face is a cycle and the intersection of any two faces is empty, a vertex or an edge (cf. [10] ). A polyhedral map is the collection of the boundary cycles (together with their vertices and edges) of a polyhedral pattern (cf. [4] ). So, a combinatorial 2-manifold is a polyhedral map. For a polyhedral map K, consider the polyhedral mapK K (called the dual of K) whose vertices are the faces of K and ðF 1 ; . . . ; F m Þ is a face ofK K if F 1 ; . . . ; F m have a common vertex and F 1 X F 2 ; . . . ; F mÀ1 X F m , F m X F 1 are edges. For a combinatorial definition of polyhedral maps see [14] .
A polyhedral map is called f p; qg-equivelar if each face is a p-cycle and each vertex is in q faces. A polyhedral map is called equivelar if it is fp; qg-equivelar for some p, q (cf. [14, 15] ). Clearly, a polyhedral map K is fp; qg-equivelar if and only ifK K is fq; pgequivelar.
Since the degrees of the vertices in an equivelar combinatorial 2-manifold are same, an equivelar combinatorial 2-manifold is also called degree regular. More explicitly, a connected combinatorial 2-manifold X is said to be degree-regular of type d if each vertex of X has degree d. A combinatorial 2-manifold is said to be degree-regular if it is degree-regular of type d for some d. So, trivial examples of degree-regular combinatorial 2-manifolds are neighbourly combinatorial 2-manifolds.
A combinatorially regular combinatorial 2-manifold is a connected combinatorial 2-manifold with a flag-transitive automorphism group (a flag is a triple ðu; e; F Þ, where e is an edge of the face F and u is a vertex of e). A connected combinatorial 2-manifold X is said to be weakly regular if the automorphism group of X acts transitively on V ðX Þ. Clearly, a combinatorially regular combinatorial 2-manifold is weakly regular and a weakly regular combinatorial 2-manifold is degree-regular. If a degree-regular (respectively, weakly regular) combinatorial 2-manifold X triangulates a space Y then we say X is a degree-regular (respectively, weakly regular) triangulation of Y .
If the number of i-simplices of a d-dimensional finite simplicial complex X is f i ðX Þ ð0 a i a d), then the number wðX Þ :¼ P d i¼0 ðÀ1Þ i f i ðX Þ is called the Euler characteristic of X . Similarly, for a polyhedral map K, the number of vertices À the number of edges þ the number of faces is called the Euler characteristic of K.
For the existence of an n-vertex neighbourly combinatorial 2-manifold, nðn À 1Þ must be divisible by 6, equivalently, n 1 0 or 1 mod 3. Ringel and Jungerman ( [11, 16] ) have shown that there exist neighbourly combinatorial 2-manifolds on 3k and 3k þ 1 vertices, for each k b 2. In [2] . So, if K is weakly regular and wðKÞ b 0 then ðn; dÞ ¼ ð4; 3Þ; ð6; 4Þ; ð6; 5Þ; ð12; 5Þ or ðwðKÞ; dÞ ¼ ð0; 6Þ. For each ðn; dÞ A fð4; 3Þ; ð6; 4Þ; ð6; 5Þ; ð12; 5Þg, there exists a unique combinatorial 2-manifold, namely, the 4-vertex 2-sphere, the boundary of the octahedron, the 6-vertex real projective plane and the boundary of the icosahedron (cf. [5, 8] ). These 4 combinatorial 2-manifolds are combinatorially regular. Any degree-regular triangulation of the torus is weakly regular and for each n b 7, there exists an n-vertex weakly regular triangulation of the torus. There exists an n-vertex degree-regular triangulation of the Klein bottle if and only if n is a composite number b 9 and for k b 2, there exists a ð4k þ 2Þ-vertex weakly regular triangulation of the Klein bottle (cf. [8, 9] ). There are infinitely many combinatorially regular triangulations of the torus whereas there is no such triangulation of the Klein bottle (cf. [19] ). For the existence of degree-regular of type d combinatorial 2-manifolds of negative Euler characteristic, d must be at least 7. Since nð6ÀdÞ 6 0 À1 for n > d b 7, there does not exist any degree-regular combinatorial 2-manifolds of Euler characteristic À1. Schulte and Wills ( [17, 18] ) have constructed two combinatorially regular geometrically realized triangulations of the orientable surface of genus 3 in R 3 . The orientable surface of genus 2 (the double-torus) has Euler characteristic À2. It is known that for a triangulation of the double-torus one needs at least 10 vertices. In [13] , Lutz has shown that there are exactly 865 distinct 10-vertex triangulations of the double torus and all of them are geometrically realizable in R 3 . If K is an n-vertex degree-regular of type d combinatorial 2-manifold of Euler characteristic À2 then À2 ¼ 
Examples and Preliminaries
In this section we present those degree-regular combinatorial 2-manifolds and their automorphism groups mentioned in the previous section. First we give some definitions and notations which will be used throughout the paper. A 2-simplex in a 2-dimensional simplicial complex is also said to be a face. We denote a face fu; v; wg by uvw. We also denote an edge fu; vg by uv.
A graph is an one dimensional simplicial complex. The complete graph on n vertices is denoted by K n . Disjoint union of m copies of K n is denoted by mK n . A graph without any edge is called a null graph. An n-vertex null graph is denoted by j n .
If G is a graph and n b 0 is an integer then we consider the graph G n ðGÞ as follows. The vertices of G n ðGÞ are the vertices of G. Two vertices u and v form an edge in G n ðGÞ if the number of common neighbours of u and v is n. Clearly, if G and H are isomorphic then G n ðGÞ and G n ðHÞ are isomorphic for all n b 0.
A connected finite graph is called a cycle if the degree of each vertex is 2. An n-cycle is a cycle on n vertices and is denoted by C n (or by C n ða 1 ; . . . ; a n Þ if the edges are a 1 a 2 ; . . . ; a nÀ1 a n ; a n a 1 ). Disjoint union of m copies of C n is denoted by mC n .
For a simplicial complex K, the graph consisting of the edges and vertices of K is called the edge-graph of K and is denoted by EGðKÞ. Let K be a simplicial complex with vertex-set V ðKÞ. If U J V ðKÞ then the induced subcomplex of K on U (denoted by K½U) is the subcomplex whose simplices are those of K which are subsets of U.
If v is a vertex of a simplicial complex X , then the link of v in X , denoted by lk X ðvÞ (or lkðvÞ), is the simplicial complex ft A X : v B t; fvg W t A X g. If v is a vertex of a simplicial complex X , then the star of v in X , denoted by st X ðvÞ (or stðvÞ), is the simplicial complex ffvg; t; t W fvg : t A lk X ðvÞg. Clearly, a finite simplicial complex K is a combinatorial 2-manifold if and only if lk K ðvÞ is a cycle for each vertex v of K. Example 1. Six degree-regular combinatorial 2-manifolds of Euler characteristic À2. Each of them is orientable and hence triangulates the connected sum of two copies of the torus (the double-torus). The vertex-set of each of these is f0; 1; . . . ; 11g. Observe that Proof. For i b 0 and 14 a j a 6, let E i; j denote the edge-set of G i ðEGðN j ÞÞ. Then E 2; 4 ¼ ff9; 11g; f11; 10gg, E 6; 4 ¼ ff3; 4g; f9; 10gg and E 5; 4 ¼ ff11; 1g; f11; 2g; f11; 3g, f11; 4g, f0; 3g, f0; 4g, f0; 7g, f0; 8g, f1; 2g, f7; 8g, f5; 9g, f5; 10g, f6; 9g, f6; 10gg.
Clearly, g is an automorphism of N 4 of order 2. Let f be an automorphism. Then f induces an automorphism (also denoted by f ) on G i ðEGðN 4 ÞÞ for all i b 0. Therefore, considering the action of f on E 2; 4 , f ð11Þ ¼ 11 and hence, considering the action of f on E 5; 4 , f ð0Þ ¼ 0. Then, considering the faces through the edge f0; 11g, f ð9Þ ¼ 9 or 10. In the first case, f ð10Þ ¼ 10. Then, from the links of 11 and 0 in N 4 , f ¼ Id N 4 . In the second case, ðg f Þð9Þ ¼ 9 and hence, by the previous case,
Claim 1. The identity is the only automorphism of N 5 which fixes the vertex 0.
Observe that G 5 ðEGðN 5 ÞÞ ¼ C 4 ð0; 3; 10; 5Þ W C 4 ð4; 7; 2; 9Þ W C 4 ð8; 11; 6; 1Þ, E 2; 5 ¼ ff0; 2g; f4; 6g; f8; 10gg and E 6; 5 ¼ ff0; 10g; f2; 4g; f6; 8gg.
If g is an automorphism of N 5 then g is also an automorphism of G i ðEGðN 5 ÞÞ for all i b 0. Now, if gð0Þ ¼ 0 then, from the action of g on E 2; 5 , gð2Þ ¼ 2. These imply, considering the action of g on E 6; 5 and E 2; 5 , gð10Þ ¼ 10, gð4Þ ¼ 4, gð6Þ ¼ 6 and gð8Þ 
Claim 2. The identity is the only automorphism of N 6 which fixes the vertex 1.
Observe that E 2; 6 ¼ ff5; 8g; f6; 7g; f9; 11g; f0; 10gg and E 3; 6 ¼ ff1; 0g; f1; 9g; f1; 5g; f1; 7g; f3; 5g; f3; 7g; f3; 10g; f3; 11g; f2; 10g; f2; 11g; f2; 6g; f2; 8g; f4; 6g; f4; 8g; f4; 0g; f4; 9gg.
If g is an automorphism of N 6 then g is also an automorphism of G i ðEGðN 6 ÞÞ for all i b 0. Therefore, from the action of g on E 3; 6 , gðf1; 2; 3; 4gÞ ¼ f1; 2; 3; 4g. Now, let gð1Þ ¼ 1. Since f1; 2g is an edge of N 6 and f1; 3g, f1; 4g are non-edges of N 6 , gð2Þ ¼ 2 and hence gðf3; 4gÞ ¼ f3; 4g. Since 127, 128, 345, 346 are faces of N 6 , gðf7; 8gÞ ¼ f7; 8g and gðf5; 6gÞ ¼ f5; 6g. Then, from the link of 1, gð5Þ ¼ 5 and hence gð8Þ ¼ 8, gð7Þ ¼ 7, gð9Þ ¼ 9, gð10Þ ¼ 10, gð0Þ ¼ 0 and gð6Þ ¼ 6. Now, from the link of 5, gð3Þ ¼ 3 and gð4Þ ¼ 4. Therefore, g ¼ Id N 6 . This proves the claim. Now, let f A AutðN 6 Þ. Then, from the action of f on E 3; 6 , f ð1Þ ¼ 
For an orientable closed surface S, Hom þ ðSÞ denotes the group of orientationpreserving homeomorphisms of S. We say that a finite group G acts (e¤ectively and orientably) on S if there is a monomorphism e : G ! Hom þ ðSÞ. For an orientable combinatorial 2-manifold M, if s A AutðMÞ then s induces an homeomorphism jsj : jMj ! jMj given by jsjð f Þ :¼ f s. Let i : H ! AutðMÞ be a monomorphism. If jiðaÞj A Hom þ ðjMjÞ for each a A H then, we have an action e : H ! Hom þ ðjMjÞ, namely, eðaÞ :¼ jiðaÞj. In this case, we say that H acts simplicially on jMj. In [6] , Broughton classified all the finite groups which act on the double-torus. Among others, Z 2 Â Z 2 , Z 6 , D 3 and D 6 act on the double-torus. Using Lemma 2.2, we get actions of Z 2 Â Z 2 , Z 6 , D 3 and D 6 on the double-torus. More explicitly, we have the following. Lemma 2.3. Z 6 acts simplicially on jN 1 j and on jN 2 j, D 6 acts simplicially on jN 3 j, D 3 acts simplicially on jN 5 j, and Z 2 Â Z 2 acts simplicially on jN 6 j.
Proof. Since N i is orientable, N i has a coherent orientation for 1 a i a 6. Fix a coherent orientation on N i (say, the faces in the counterclockwise direction in the pictures as the positively oriented faces, namely, þf0; 1; 2g ¼ h012i in N 1 ) (see [7] for definitions and notations).
If Part (c): Let M has n vertices and the degree of each vertex is d. Then the number of edges is nd=2 and hence the number of faces is nd=3. Therefore À2 ¼ wðMÞ ¼ n À nd=2 þ nd=3 ¼ n À nd=6. This implies that nd is divisible by 6 and 6 < d < n and hence ðn; dÞ ¼ ð12; 7Þ. Let the vertex set of M be V ¼ f0; 1; . . . ; 9; u; vg and c : V ! f0; 1; . . . ; 11g be given by cðiÞ ¼ i for 0 a i a 9, cðuÞ ¼ 10, cðvÞ ¼ 11. Claim 1. There exist faces abc and bcd such that ad is a non-edge of M and not all edges ab, ac, bd, cd are in G 2 ðEGðMÞÞ.
Assume without loss of generality, that lkð0Þ ¼ C 7 ð1; 2; . . . ; 7Þ. Then, there exists i A f1; . . . ; 7g such that fi; i þ 1; jg is not a face in M for all j A f1; . . . ; 7g, where the addition is modulo 7. (Otherwise, fi; i þ 1; i þ 3g, fi; i þ 1; i þ 4g or fi; i þ 1; i þ 5g is a face for each i A f1; . . . ; 7g, then we get 14 faces through the vertices 0; 1; . . . ; 7. Hence the number of faces through the remaining four vertices is 14. This is not possible by Lemma 3.1). So, we can assume without loss of generality that 128 is a face.
If one of 01, 02, 18, 28 is not in G 2 ðEGðMÞÞ then 012 and 128 are as required. So, assume that 01, 02, 18, 28 are in G 2 ðEGðMÞÞ. Since 2 and 7 are in the links of 0 and 1, we may assume that lkð1Þ ¼ C 7 ð7; 0; 2; 8; 9; u; vÞ. Similarly, since 1 and 3 are in the links of 0 and 2, the link of 2 must be of the form C 7 ð8; 1; 0; 3; p; q; rÞ, where f p; q; rg ¼ f9; u; vg. Then 12 is in G 5 ðEGðMÞÞ and 27 is a non-edge of M. These arguments imply that 012 and 017 are as required. This proves the claim.
By Claim 1, we may assume that 012, 128 are faces, where 08 is a non-edge of M and 01 is not in G 2 ðEGðMÞÞ. Also, assume that lkð0Þ ¼ C 7 ð1; 2; . . . ; 7Þ. Then, lkð1Þ ¼ C 7 ð8; 2; 0; 7; u 1 ; u 2 ; u 3 Þ for some u 1 ; u 2 ; u 3 A V and fu 1 ; u 2 ; u 3 g 0 f9; u; vg. Since M is orientable, ðu 1 ; u 2 Þ; ðu 2 ; u 3 Þ B fð3; 4Þ; ð4; 5Þ; ð5; 6Þg. Now, it is easy to see that (up to an isomorphism) ðu 1 ; u 2 ; u 3 Þ A fð3; 6; 9Þ; ð3; 9; 5Þ; ð3; 9; 6Þ; ð3; 9; uÞ; ð4; 3; 9Þ; ð4; 6; 5Þ; ð4; 9; 6Þ; ð4; 9; uÞ; ð5; 4; 9Þ; ð5; 9; uÞ; ð9; 4; uÞ; ð9; 5; 4Þ; ð9; 5; uÞg W fð3; 5; 4Þ; ð3; 5; 9Þ; ð3; 6; 4Þ; ð3; 6; 5Þ; ð4; 3; 5Þ; ð4; 3; 6Þ; ð4; 6; 3Þ; ð4; 6; 9Þ; ð4; 9; 5Þ; ð5; 3; 6Þ; ð5; 3; 9Þ; ð5; 9; 3Þ; ð5; 9; 4Þ; ð9; 3; 6Þ; ð9; 6; 3Þg W fð3; 9; 4Þ; ð4; 9; 3Þ; ð5; 4; 6Þ; ð5; 9; 6Þ; ð9; 3; 5Þ; ð9; 3; uÞ; ð9; 4; 3Þ; ð9; 4; 6Þ; ð9; 5; 3Þ; ð9; 6; 4Þ; ð9; 6; 5Þ; ð9; 6; uÞ; ð9; u; 3Þ; ð9; u; 4Þ; ð9; u; 5Þ; ð9; u; 6Þg ¼ A W B W C, say.
Claim 2.
A combinatorial 2-manifold corresponding to any ðu 1 ; u 2 ; u 3 Þ A C is isomorphic to a combinatorial 2-manifold corresponding to some ðu 1 ; u 2 ; u 3 Þ A A W B.
Observe that the case ðu 1 ; u 2 ; u 3 Þ ¼ ð9; u; 6Þ is isomorphic to the case ðu 1 ; u 2 ; u 3 Þ ¼ ð4; 9; uÞ by the map ð0; 1Þð3; 8Þð4; u; 5; 9; 6Þ. We denote this by ð0; 1Þð3; 8Þð4; u; 5; 9; 6Þ : ð9; u; 6Þ G ð4; 9; uÞ. With this notation we have: ð0; 1Þð3; 8Þð4; u; 5Þð6; 9Þ : ð9; u; 5Þ G ð9; 4; uÞ, ð0; 1Þð3; 8Þð4; uÞð5; 9; 6Þ : ð9; 6; uÞ G ð5; 9; uÞ, ð0; 1Þð2; 7Þð3; 9Þð6; 8Þð4; 5; uÞ : ð9; u; 4Þ G ð9; 5; uÞ, ð0; 1Þð3; 8Þð9; 6; 5Þ : ð9; 6; 4Þ G ð5; 9; 4Þ, ð0; 1Þð2; 7Þð3; 5; u; 4; 9Þð6; 8Þ : ð9; u; 3Þ G ð5; 9; uÞ, ð0; 1Þð3; 8Þ ð4; 9; 6; 5Þ : ð9; 6; 5Þ G ð5; 4; 9Þ, ð0; 1Þð2; 7Þð3; 5; 4; 9Þð6; 8Þ : ð9; 5; 3Þ G ð5; 9; 4Þ, ð0; 1Þ ð3; 8Þð4; 5; 9; 6Þ : ð9; 4; 6Þ G ð4; 9; 5Þ, ð0; 1Þð2; 7Þð6; 8Þð3; 4; 9Þ : ð9; 3; 5Þ G ð4; 9; 5Þ, ð0; 1Þð2; 7Þð6; 8Þð3; 5; 9Þ : ð9; 4; 3Þ G ð5; 4; 9Þ, ð0; 1Þð2; 7Þð6; 8Þð5; uÞð3; 4; 9Þ : ð9; 3; uÞ G ð4; 9; uÞ, ð0; 1Þð3; 8Þð4; 5; 6Þ : ð5; 4; 6Þ G ð4; 6; 5Þ, ð0; 1Þð2; 7Þð3; 5; 9; 4Þð6; 8Þ : ð4; 9; 3Þ G Degree-regular triangulations of the double-torus ð5; 3; 9Þ, ð0; 1Þð3; 8Þð4; 9; 5; 6Þ : ð5; 9; 6Þ G ð4; 6; 9Þ, ð0; 1Þð2; 7Þð6; 8Þð4; 5; 9Þ : ð3; 9; 4Þ G ð3; 5; 9Þ.
This proves the claim.
Claim 3. There is no orientable combinatorial 2-manifold corresponding to any ðu 1 ; u 2 ; u 3 Þ in B.
If ðu 1 ; u 2 Þ ¼ ð5; 3Þ then, considering lkð5Þ and orientability of M, we see that, 345 or 567 is a face. This is not possible. So, ðu 1 ; u 2 ; u 3 Þ 0 ð5; 3; 6Þ or ð5; 3; 9Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð3; 5; 4Þ then, considering lkð3Þ, we observe that 347 or 235 is a face. Since the set of known faces remain invariant under the map ð0; 1Þð2; 7Þð4; 5Þ ð6; 8Þ, we may assume that 347 is a face. Then, by using Lemma 3.1, we get lkð3Þ ¼ C 7 ð5; 1; 7; 4; 0; 2; 9Þ, lkð4Þ ¼ C 7 ð8; 1; 5; 0; 3; 7; uÞ and lkð7Þ ¼ C 7 ð6; 0; 1; 3; 4; u; vÞ. These imply that lkð5Þ ¼ C 7 ð9; 3; 1; 4; 0; 6; xÞ, for some x A V . It is easy to check that x 0 v. This implies degðvÞ < 5. So, ðu 1 ; u 2 ; u 3 Þ 0 ð3; 5; 4Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð3; 6; 4Þ then 03, 05, 16 and 18 are edges in lkð4Þ. Since 346, 456 and 458 can not be faces, it follows that lkð4Þ ¼ C 7 ð5; 0; 3; 8; 1; 6; xÞ, for some x A V . By using Lemma 3.1, it is easy to see that x ¼ 9. Then V ðlkð6ÞÞ ¼ f0; 1; 3; 4; 5; 7; 9g and V ðlkð3ÞÞ ¼ f0; 1; 2; 4; 6; 7; 8g. These imply 0; 1; 3; 4; 6 B lkðuÞ W lkðvÞ. This is not possible. Thus, ðu 1 ; u 2 ; u 3 Þ 0 ð3; 6; 4Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð4; 6; 3Þ then lkð1Þ ¼ C 7 ð8; 2; 0; 7; 4; 6; 3Þ. Now, considering lkð6Þ we see that 356 is a face. This implies, considering lkð3Þ, that 235 a face. This is not possible, since M is orientable. So, ðu 1 ; u 2 ; u 3 Þ 0 ð4; 6; 3Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð5; 9; 3Þ then, considering lkð5Þ, we see that 459 A M. Now, considering lkð3Þ, we see that 349 is a face. This implies C 4 ð9; 3; 0; 5Þ J lkð4Þ. So, ðu 1 ; u 2 ; u 3 Þ 0 ð5; 9; 3Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð5; 9; 4Þ then, considering lkð5Þ we see that 459 is a face. Then, C 3 ð1; 5; 4Þ J lkð9Þ. So, ðu 1 ; u 2 ; u 3 Þ 0 ð5; 9; 4Þ.
If ðu 1 ; u 2 ; u 3 Þ ¼ ð9; 6; 3Þ then, lkð3Þ ¼ C 7 ð2; 0; 4; 6; 1; 8; dÞ, for some d A V . Now, considering lkð6Þ, we see that 467 is a face. Then, M is non-orientable. So, ðu 1 ; u 2 ; u 3 Þ 0 ð9; 6; 3Þ.
By similar arguments, we get ðu 1 ; u 2 ; u 3 Þ 0 ð3; 5; 9Þ; ð3; 6; 5Þ; ð4; 3; 5Þ; ð4; 3; 6Þ; ð4; 6; 9Þ; ð4; 9; 5Þ and ð9; 3; 6Þ. This proves Claim 3.
In view of Claims 2 and 3, we may assume that ðu 1 ; u 2 ; u 3 Þ A fð3; 6; 9Þ; ð3; 9; 5Þ; ð3; 9; 6Þ; ð3; 9; uÞ; ð4; 3; 9Þ; ð4; 6; 5Þ; ð4; 9; 6Þ; ð4; 9; uÞ; ð5; 4; 9Þ; ð5; 9; uÞ; ð9; 4; uÞ; ð9; 5; 4Þ; ð9; 5; uÞg. Case 1. ðu 1 ; u 2 ; u 3 Þ ¼ ð3; 6; 9Þ, i.e., lkð1Þ ¼ C 7 ð8; 2; 0; 7; 3; 6; 9Þ. Now, 05, 07, 13 and 19 are edges in lkð6Þ. Since 356, 367 or 679 can not be a face, it is easy to see that lkð6Þ ¼ C 7 ð7; 0; 5; 9; 1; 3; xÞ, where x ¼ 2; 8 or u.
If x ¼ 8 then V ðlkð3ÞÞ ¼ f0; 1; 2; 4; 6; 7; 8g. This implies that the number of faces through f0; 1; . . . ; 9g is 17. This is not possible by Lemma 3.1.
If x ¼ u then 02, 04, 16, 17 and 6u are edges in lkð3Þ. Since M is orientable, lkð3Þ ¼ C 7 ð4; 0; 2; u; 6; 1; 7Þ. So, 3 B lkðvÞ and hence 7 A lkðvÞ. Then lkð7Þ ¼ C 7 ð4; 3; 1; 0; 6; u; vÞ. This implies that lkð2Þ ¼ C 7 ðu; 3; 0; 1; 8; v; yÞ, where, it is easy to see that y ¼ 4; 5 or 9. If y ¼ 4 or 5 then degð8Þ < 7. If y ¼ 9 then, considering lkð9Þ and lkðuÞ, we get C 5 ð1; 2; v; u; 9Þ J lkð8Þ. So, x 0 u. Thus, x ¼ 2, i.e., lkð6Þ ¼ C 7 ð7; 0; 5; 9; 1; 3; 2Þ. Now, by using Lemma 3.1, lkð3Þ ¼ C 7 ð4; 0; 2; 6; 1; 7; uÞ. Since 0; 1; 3; 6 B lkðvÞ, 7 A lkðvÞ. Thus, lkð7Þ ¼ C 7 ð2; 6; 0; 1; 3; u; vÞ. This implies lkð2Þ ¼ C 7 ð8; 1; 0; 3; 6; 7; vÞ. Now, considering the links of u, 4 and 5, we see that 458 or 45v is a face. Thus, lkð4Þ ¼ ðu; 3; 0; 5; v; z; wÞ or C 7 ðu; 3; 0; 5; 8; z; wÞ for some z; w A V . Subcase 1.1. In the first case, considering lkð8Þ, we get ðz; wÞ ¼ ð9; 8Þ. So, lkð4Þ ¼ C 7 ðu; 3; 0; 5; v; 9; 8Þ. Now, completing successively, we get lkð8Þ ¼ C 7 ð2; 1; 9; 4; u; 5; vÞ and lkðvÞ ¼ C 7 ð2; 7; u; 9; 4; 5; 8Þ. Then M G N 1 by the map c ð1; 8; 7; 4Þð2; 6; u; 3Þ ð5; vÞ. Subcase 1.2. In the second case, it is easy to see that ðz; wÞ ¼ ðv; 9Þ. Thus, lkð4Þ ¼ C 7 ðu; 3; 0; 5; 8; v; 9Þ. Now, completing successively, we get lkð8Þ ¼ C 7 ð9; 1; 2; v; 4; 5; uÞ, lkð9Þ ¼ C 7 ð8; 1; 6; 5; v; 4; uÞ and lkð5Þ ¼ C 7 ð9; 6; 0; 4; 8; u; vÞ. Here M G N 3 , by the map c ð0; 4; 1; 8; 7Þð2; u; v; 9; 5; 3Þ.
Case 2. ðu 1 ; u 2 ; u 3 Þ ¼ ð3; 9; 5Þ, i.e., lkð1Þ ¼ C 7 ð8; 2; 0; 7; 3; 9; 5Þ. Now, 02, 04, 17 and 19 are edges in lkð3Þ. So, lkð3Þ ¼ C 7 ð4; 0; 2; 9; 1; 7; xÞ or C 7 ð2; 0; 4; 7; 1; 9; xÞ, for some x A V . The second case is isomorphic to the first case, by the map ð0; 1Þð2; 7Þ ð4; 9Þð6; 8Þ. So, we may assume lkð3Þ ¼ C 7 ð4; 0; 2; 9; 1; 7; xÞ for some x A V . It is easy to see that x ¼ 8 or u.
If x ¼ 8 then, lkð3Þ ¼ C 7 ð4; 0; 2; 9; 1; 7; 8Þ. Now, lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; y; zÞ, for some y; z A V . If f y; zg X fu; vg ¼ j, then we get 18 faces outside stðuÞ W stðvÞ. This is not possible by Lemma 3.1. So, up to an isomorphism, y ¼ u or z ¼ u. If y ¼ u then z ¼ v, else the vertices 0; 1; 2; 3; 8 B lkðvÞ. So, lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; u; vÞ. This implies that lkð8Þ ¼ C 7 ð3; 4; u; 2; 1; 5; 7Þ and V ðlkð5ÞÞ ¼ f0; 1; 4; 6; 7; 8; 9g. Then 0; 1; 3; 5; 8 B lkðvÞ. This is not possible. If z ¼ u then y ¼ 4 or v. If y ¼ 4 then lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; 4; uÞ. Now, it follows that lkð8Þ ¼ C 7 ð3; 4; 2; 1; 5; v; 7Þ and lkð4Þ ¼ C 7 ðu; 2; 8; 3; 0; 5; vÞ. This implies lkð5Þ ¼ C 7 ð9; 1; 8; v; 4; 0; 6Þ. Hence lkð9Þ ¼ C 7 ð6; 5; 1; 3; 2; u; vÞ. But then C 4 ðv; 9; 2; 4Þ J lkðuÞ. If y ¼ v then, lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; v; uÞ. It is easy to see that lkð8Þ ¼ C 7 ð3; 4; v; 2; 1; 5; 7Þ. So, V ðlkð5ÞÞ ¼ f0; 1; 4; 6; 7; 8; 9g. Then 0; 1; 3; 5; 8 B lkðuÞ. This is not possible. So, x 0 8. Thus, x ¼ u, i.e., lkð3Þ ¼ C 7 ð4; 0; 2; 9; 1; 7; uÞ. Now lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; b; cÞ for some b; c A V . It is easy to see that, ðb; cÞ ¼ ð4; 6Þ; ð4; uÞ; ð4; vÞ; ð6; uÞ; ð6; vÞ; ðu; 6Þ; ðu; vÞ; ðv; 4Þ; ðv; 6Þ or ðv; uÞ.
If ðb; cÞ ¼ ð4; 6Þ then 0; 1; 2; 3; 4 B lkðvÞ and hence degðvÞ a 6. So, ðb; cÞ 0 ð4; 6Þ. If ðb; cÞ ¼ ð4; vÞ then lkð4Þ ¼ C 7 ð2; 8; u; 3; 0; 5; vÞ. These imply that lkð5Þ ¼ C 7 ð1; 8; v; 4; 0; 6; 9Þ and 8 A lkð6Þ. Then lkð8Þ ¼ C 7 ð6; v; 5; 1; 2; 4; uÞ, lkð6Þ ¼ C 7 ð8; u; 9; 5; 0; 7; vÞ and lkð9Þ ¼ C 7 ðu; 6; 5; 1; 3; 2; vÞ. This implies degðvÞ ¼ 8. So, ðb; cÞ 0 ð4; vÞ. If ðb; cÞ ¼ ðv; 4Þ then lkð4Þ ¼ C 7 ð2; 9; u; 3; 0; 5; vÞ, lkð5Þ ¼ C 7 ð1; 9; v; 4; 0; 6; 8Þ and lkð9Þ ¼ C 7 ðu; 4; 2; 3; 1; 5; vÞ. This implies that v A lkð7Þ and hence lkðvÞ ¼ C 7 ðu; 9; 5; 4; 2; 8; 7Þ. Then lkð7Þ ¼ C 7 ð8; v; u; 3; 1; 0; 6Þ and hence C 4 ð8; 5; 0; 7Þ J lkð6Þ. So, ðb; cÞ 0 ðv; 4Þ. By similar arguments, we see that ðb; cÞ 0 ð4; uÞ; ð6; uÞ; ðu; 6Þ; ðv; 6Þ or ðv; uÞ. Thus, ðb; cÞ ¼ ð6; vÞ or ðu; vÞ. Subcase 2.1. ðb; cÞ ¼ ð6; vÞ, i.e., lkð2Þ ¼ C 7 ð9; 3; 0; 1; 8; 6; vÞ. Then, 05, 07, 28 and 2v are edges in lkð6Þ. Since 568 can not be a face, lkð6Þ ¼ C 7 ð7; 0; 5; v; 2; 8; dÞ or Degree-regular triangulations of the double-torus
